We have studied the scalar perturbation of static charged dilaton black holes in 3+1 dimensions. The black hole considered here is a solution to the low-energy string theory in 3+1 dimensions. The quasinormal modes for the scalar perturbations are calculated using the WKB method. The dilaton coupling constant has a considerable effect on the values of quasi normal modes. It is also observed that there is a linear relation between the quasi normal modes and the temperature for large black holes.
Introduction
When a black hole is perturbed, it undergo damped oscillations. The perturbation may be due to gravitational, electromagnetic, scalar or spinor fields. The modes of such oscillations are called Quasi-normal modes(QNM). In general, QNM's are obtained by solving a wave equation for small fluctuations subject to the boundary conditions that the wave is ingoing at the horizon and outgoing at the asymptotic infinity. QNM's gives information on the stability properties of black holes. Since QNM frequencies depend on the black hole properties such as the mass, angular momentum and charge, they allow a direct way of identifying the space-time parameters. If the radiation due to QNM modes are detected in the future by gravitational wave detectors, it would be a clear way of identifying the possible charges of black holes. There are extensive studies of QNM's in various black-hole backgrounds in the literature. See the review by Kokkotas et. al. [1] for more information.
Due to the the conjecture relating anti-de Sitter(AdS) and conformal field theory (CFT) [2] , QNM's in AdS spaces have been subjected to intensive investigation. It is conjectured that the imaginary part of the QNM's which gives the time scale to decay the black hole perturbations corresponds to the time scale of the CFT on the boundary to reach thermal equilibrium. There are many work on AdS black holes in four and higher dimensions on this subject [ [17] .
Another interesting result relating QNM's come from the Loop Quantume Gravity. Recently it has been proposed that the asymptotic behavior of high overtones of QNM's capture important information about the quantum nature of black holes in general. These proposals have lead to important observations in terms of thermodynamic properties of black holes such as the entropy etc. Most of these proposal arise from Loop Quantum Gravity point of view [18] .
In this paper we focus on a black hole arising in low energy string theory. Since string theory has become the leader in a solution to the quantum gravity issue, we would like to understand the nature of QNM's of these stringy black holes by computing them numerically.
The paper is presented as follows: In section 2 the black hole solutions are introduced. In section 3 the scalar perturbations are given. In section 4 we will computer the QNM's and discuss the results. Finally, the conclusion is given in section 5.
Static Charged Dilaton Black Hole Solutions
In this section we will give an introduction to the static charged dilaton black hole in 3+1 dimensions found by Gibbons et.al. [19] and Garfinkle et. al. [20] . The action for the Einstein-Maxwell-dilaton gravity considered is given by,
Here φ is the dilaton field, R is the scalar curvature and F µν is the Maxwell's field strength. a is a dimensionless parameter which we assume to be non-negative. When a = 0, the theory gives Einstein-Maxwell gravity coupled to a free scalar. a = 1 is the value suggested by superstring theory. The equation of motion derived from the above action in eq.(1) are,
Gibbons et.al. [19] [20] have found static charged black hole with spherical symmetry. Such black holes have the form,
Here, r + and r − are the outer and inner horizons respectively. The mass M and the charge Q of the black hole are related to r + and r − as follows:
The dilaton field and the Maxwell field strength is given by,
The Hawking temperature of the black hole is given by,
Scalar Perturbation of Charged Black Holes
In this section we will develop the equations for a scalar field in the background of the static charged black hole introduced in the previous section. The general equation for a massless scalar field in curved space-time can be written as,
which is also equal to,
Using the anzatz,
eq.(11) leads to the radial equation,
where,
and r * is the well known "tortoise" coordinate given by,
Note that l is the spherical harmonic index. In this paper we will mainly focus on black holes with a = 1. In that case, r * and r has the following relations,
Hence when r → ∞, r * → ∞ and when r → r + , r * → −∞.
Quasi normal Modes of the Charged Dilaton Black Hole
Quasi normal modes of a classical perturbation of black hole space-times are defined as the solutions to the related wave equations characterized by purely ingoing waves at the horizon. In addition, one has to impose boundary conditions on the solutions at the asymptotic regions as well. In asymptotically flat space-times, the second boundary condition is for the solution to be purely outgoing at spatial infinity. Once these boundary conditions are imposed, the resulting frequencies become complex and discrete. Quasi normal modes for the above black hole for gravitational perturbations have been studied by Ferrari et. al. [21] and Konoplya [13] .
Usually, the fundamental equation of black hole perturbations given in eq.(13) cannot be solved analytically. This is the case for almost all cases in 3+1 dimensions. In 2+1 dimensions there are two black hole solutions ( BTZ black hole [22] and the charged dilaton black hole [23] ) which can be solved to give exact values of quasi normal modes. In five dimensions, exact values are obtained for vector perturbations by Nunez and Starinets [24] .
There are several approaches to compute quasi normal modes in literature. Here, we will follow a semi analytical technique developed by Iyer and Will [25] . The method makes use of the WKB approximation, carried out to third order beyond the eikonal approximation. This approach has been applied to the Schwarzchild [26] Reissner-Nordstrom [27] and for gravitational perturbations of the charged dilaton black hole [21] [13] . We will first review the basics of this method as follows;
Let us rewrite the perturbation eq.(13) in the following form.
Here Q(r * ) = ω 2 −V (r * ). Then, one can define new variables Λ(n), Ω(n),Λ(n),Ω(n), α as follows.
Note that the superscript (n) denotes the appropriate number of derivatives of Q(r * ) with respect to r * evaluated at the maximum of Q(r * ). In the case of black hole perturbations where V (r * ) is independent of frequency ω, the quasi normal modes frequencies are given by,
We will represent ω = ω R − iω I . We calculated the lowest quasi normal modes ω(0) of these black holes. First we change the value of a for r − = 1 and r + = 3 to observe the behavior with respect to the dilaton coupling as follows:
a ω R ω I 0 0.08809 0.01220 0.33 0.09350 0.01625 . The behavior of ω vs. a is given in Figure 1 and 2. It is clear that Re ω increase with a to a stable value. On the other hand Im ω increase up to a = 1 and then decrease to a stable value as given in the Figure 2 . It seems a = 1 has the greatest damping in comparison with other values. Also note that oscillations are higher for larger values of a. There is considerable difference in QNM's in comparison with the Reissner-Nordstrom black hole given for a = 0. In contrast, for gravitational perturbations, not much of a difference was observed between the values for Reissner-Nordstrom and the other stringy black holes [13] .
The behavior of these graphs for large a can be given a simple explanation. When a increases, the metric approaches to a black hole with f and R given in eq.(6) to be
Hence the effective potential V (r) would be independent of a for large values of a leading to constant QNM's. Next we calculate the QNM's for the spherical harmonic index l = 0, 1, 2. We have only considered a = 1 case of the dilaton coupling which is special from superstring point of view. The potential V (r) for l = 0, 1, 2 values are given in Figures 3,4 ,5 for a = 1. First we give the quasi normal modes for l = 0 as follows: The plot of Im(ω) vs temperature is given in the Figure 6 . One can see a linear behavior of Im ω for large black holes. Note that the temperature of the black hole for a = 1 is T = 1/4πr + . Hence larger the black hole smaller the temperature T . We have kept r − constant in these studies. We have also given the behavior of Re ω and Im ω with r + in the Figure 7 . Note that the QNM's decrease with r + . This behavior is somewhat different to the behavior of QNM's in gravitational perturbations given by Konoplya [13] . There, Im ω increase for small Q and decrease for large Q.
Second, we present the quasi normal modes for l = 1 as follows: The plot of Im(ω) vs temperature is given in the Figure 8 . For this value of l the linear relation is evident. Also the behavior of ω is given in Figure 9 which has similar behavior as for l = 0. Last, we present the quasi normal modes for l = 2. The plot of Im (ω) vs temperature is given in the Figure. 10 , where the linear relation is observed. The ω vs r + is given in Figure 11 .
For all the values of l considered here, it is safe to say that there is a linear relation at least for large black holes. This behavior is similar to the Schwarzchild anti-de-Sitter black hole studied by Horowitz and Hubeny [4] .
We have also studied the QNM's for varying l with a fixed value of the horizons. The Figure. 12 and 13 gives a plot of ω R and ω I with the spherical harmonic index l. We have chosen r − = 1 and r + = 4 for this computation. Figure 13 . The behavior of Im ω with the angular harmonic index l for r + = 4 and r − =1.
Note that the real part of ω increases linearly with l. On the other hand, Im ω becomes stable for large l. In contrast, the QNM's of Schwarzchild-anti-de-Sitter black holes in Horowitz and Hubeny [4] had decreasing ω I and increasing ω R .
Conclusion
We have studied quasi normal modes for the charged dilaton black hole with scalar perturbation. The lowest quasi normal modes are computed using a WKB method. It was observed that a = 1 gives the maximum Im ω leading to maximum damping.
One of the main result of the paper is the supporting evidence of a linear behavior between the imaginary part of the quasi normal modes and the temperature for large black holes. This was observed first by Horowitz and Hubeny for Schawrzschild-antide-Sitter black holes [4] . There, they showed a linear relation between QNM's and temperature for large black holes in several dimensions. For black holes in anti-de-Sitter space, relations between QNM's and conformal field theory of the boundary are discussed in many papers [28] . It would be interesting to give reasons for the behavior of the QNM's observed in this paper of low energy black holes. It was also noted that when the spherical index l is increased, the Re ω increases leading to greater oscillations. On the other hand Im ω approaches to a fixed value for larger l.
There are other approaches to calculate QNM's other than the method followed in this paper. For example power series expansion of the wave function is one of the methods in computing QNM's as used by Horowitz and Hubeny [4] . QNM's of higher modes are obtained with great precision with a semi-analytical method developed by Weaver [29] . This has been applied to Schwarzchild and Kerr black hole. It would be interesting to apply other methods to find QNM's and compare the results obtained in this paper.
